Abstract. We consider the computation of higher order fold or limit points of two parameter-dependent nonlinear problems. A direct method is proposed and an efficient implementation of the direct method is presented. Numerical results for the thermal ignition problem are given.
1. Introduction. This paper is concerned with the computation of special kinds of singular points, which are called (simple) higher order fold or limit points. They may arise in two parameter nonlinear problems of the form (1.1) f(A,/, x) 0 where A,/ , x X, a Banach space, and f is a C mapping from x x X --> X. A problem in the theory of thermal ignition is one such problem [1] , [2] , [3] which we treat. Two parameter nonlinear problems arise in many other physical applications [6] , [8] . The problem in thermal ignition has the form Lx h(A,/x, x), (1.2) Bx 0 where L is a uniformly elliptic differential operator, B is a boundary operator, A is a rate parameter,/ is related to the activation energy, and h has the form (1.3) h(A, p, x)= A exp (1...?X.x).
The solution x is the dimensionless temperature. Of particular interest are the values Ao and o which correspond to the loss of criticality in the exothermic reaction described by (1.2) . These values correspond to "folds" or "limit" points.
Spence and Werner 10] proved that a cubic fold point (Ao,/Xo, Xo) off with regard to A corresponds to a quadratic fold point (Ao,/Xo, Xo, 4o) of an extended system, F, of f, provided certain conditions are satisfied. They located the cubic fold by using a continuation method [5] to compute the quadratic fold point of an "extended system".
The main idea in this paper is to reduce a problem with cubic folds to a regular problem by using a larger "double extended system". We also present an efficient implementation for solving the larger "double extended system". Thus we locate a cubic fold directly, without any continuation. Related techniques in 11 show how to find isolas and cusps using extended systems. In 2 we give a brief review of simple fold points, the degree of a fold, and extended systems. The main idea of our treatment of higher degree fold points is contained in Theorem 2.1. The efficient implementation of Newton's method is given in 3. In 4 we give numerical results. [6] , [9] , [10] following their introduction by Keener and Keller in [4] . We next consider two parameter nonlinear problems involving the smooth mapping
x R x X---> X, (2.10) f'( (A, t, x) -f(A, t, x).
For some fixed value of t to we assume that g(A, x)=-f(A, lo, x) =O has a simple fold point (Ao, Xo) with respect to A, according to Definitions 2.1 and 2.4.
We introduce, in exact analogy with (2.8), an extended system for f(A, t, x)=0
[ 14b-i (2.14) , which is also a regular system, by choosing the particular L= (0, l, 0). D Since the inflated system (2.14) is regular, we can solve it by using Newton's method. The solution of (2.14) is just the third degree fold point with respect to h of the original two parameter nonlinear problem, f(h,/z, x) 0.
We now turn to the efficient solutions of (2.14).
3. Efficient implementation of Newton's method. After discretization (2.14)
becomes a finite-dimensional nonlinear system. Let x, b, v E", the dimension of (2.14) is actually 3n-2 because we can choose lb =br 1, Iv= vr=0, where r is a positive integer in 1 -<_ r <= n. For convenience we shall choose r 1 and the discretized system of (2.14) is denoted by the same notation. Newton's method applied to (2.14)
yields:
Here superscript (v) denotes evaluation of the coefficient matrix and the right-hand side at (/,
In expanded form, and with the superscripts of (6Ix, 6A, 6x, 6qb, 6v) suppressed, (3.1) can be written as (3.2) ab =0, (3.3) a/ =0, (3.5) (3.6) 6v + 6A D5 + 6/x D6+ 26b +6x C3. --
Finally we solve for 31, 6/x and 6X from (3.11), (3.13), (3.15) and we get 6x, 6oh, 6v
by substituting 31, 6/x and 6Xl into (3.12), (3.14), (3.16 ). This concludes one step of Newton's method (3.1) applied to (2.14). Our indicated algorithm for solving the linear system defining the Newton iterates is similar to one proposed in [7] . 4 . Numerical example. We consider the boundary value problem (4.1a) fCA, l,x)=--x"+A exp l+/xx (4.1b) x(0) x(1) =0 + + < = +++++++++ which describes an exothermic chemical reaction in an infinite slab [3] . It is discretized on the mesh tj =jh, j 0, 1, 2, , n + 1 using the Collatz Mehrstellenverfahren: [10] .
